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The paper studies the dynamical propagation of star-shaped
cracks symmetrically arranged in an elastic thin plate, subjected
to the action of instantly applied, comprehensively (uniformly)
stretching stresses, which implies a self-similar problem with ho-
mogeneous stresses and velocities of particles. Occurrence of such
motion patterns is established through experiments. By using the
Smirnov—=Sobolev functional-invariant solutions method and a
careful choice of mappings, the problem is reduced to some
boundary value problem of the theory of complex variable func-
tions, and exact analytic solution of the original problem, includ-
ing a closed-form solution for important stress intensity coefficient
near the end of the crack, is derived. We also establish a funda-
mental theoretical limit imposed on the number of cracks—there
has to be at least three cracks. [DOI: 10.1115/1.4000900]

Dedicated to the memory of Yu. A. Amenzade.

1 Introduction

The propagation of a rectilinear (straight) crack in an elastic
plane, assuming the ideal model of brittle failure, is the most
commonly considered problem of dynamical mechanics. Further-
more, it is assumed that unlimited stresses occur at the tip of the
crack and are described by the intensity factor. In this direction,
the problem of the propagation of cracks was considered by many
authors and a great deal of them is presented in the monograph
[1].

The present paper, by its very formulation, significantly differs
from the ideal case: It allows for an arbitrary number of multiple
cracks propagating in different directions as opposed to a single
crack. These cracks originate from the same point and are sym-
metrically positioned around the point of origin with period 27/n,
where n is the number of propagating cracks. A number of scien-
tific experiments were carried out in the Wave Dynamics Labora-
tory of Institute of Mathematics and Mechanics of National Acad-
emy of Azerbaijan that confirm the existence of such motion
patterns (see Fig. 1)

It is evident that solving this problem as an initial-boundary
problem (to determine the intensity factor) requires development
of a completely new methodology, as this is an unstationary (dy-
namic) problem of elastic dynamics for a region with nonclassical
boundary.

On the other hand, the current problem can also be considered
as a generalized case of the so-called Broberg’s problem [2],
which considers a self-similar problem of propagation of a recti-
linear crack in thin uniformly stretched membranes. Much simpler
solution of Broberg’s problem than the original one is presented in
Refs. [3,4] that uses functional-invariant solutions of Smirnov—
Sobolev [5]. That method could only be applied to rectilinear
cracks (one or several), propagating and located on the same line.

Since the problem considered in this paper assumes neighbor-
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ing cracks are separated by an angle of 277/n, we had to use a
completely novel approach that combines a number of different
methods and tools of the theory of mathematical physics and the
theory of functions of complex variables. In particular, invariant
solutions of Smirnov—Sobolev described in Ref. [5] enable reduc-
ing a solution of a two-dimensional wave equation to some
boundary value problem in the corresponding complex plane.
However, existence of two types of motion (potential and solenoi-
dal) implies, under this method, utilizing two different complex
planes, which make up the main difficulty in constructing a solu-
tion. Nevertheless, complex representation turns out to be the only
possibility for solving a majority of the problems of not only
static, but also dynamic plane theory of elasticity.

2 Problem Statement and Complex Representation of
the Solution

Consider an infinite homogeneous isotropic elastic thin plate
subjected to the action of instantly applied, comprehensively (uni-
formly) stretching stresses. Assume that at the moment =0 in the
origin of coordinates, a number of cracks appear and stretch with
constant velocity in different directions. Existence of such a mo-
tion pattern is confirmed by numerous experiments shown in Fig.
1 (as carried out in “Wave Dynamics™ Laboratory of IMM of NAS
of Azerbaijan). Please note that sometimes, imprecisions in the
experiments might lead to the violation of the symmetric problem
formulation, and hence, the cracks might not be symmetrically
positioned.

The cracks are arranged symmetrically around the origin with
period 27r/n, where n is the number of cracks (Fig. 2). The propa-
gation velocity is the same for all the cracks and less than the
propagation velocity of the Rayleigh cylindrical waves.

In the plane dynamic theory of elasticity, the displacement vec-
tor U may be represented as the sum of potential vector U; and
solenoidal vector U,

u=U,+0U, (1)

rotU; =0, divU,=0, U,={u,vy}, k=12 (2)
By virtue of its statement, the problem is self-similar, and veloci-
ties and stresses are homogeneous functions of degree zero, i.e.,
Ug, U, Oy, Oyy, Oy, May be represented as functions of (x/at,
y/at).

Taking into account the fact that Cartesian components of ve-
locities (uy,vy) (or stresses) satisfy wave equations, it is possible
to represent the stress functions by the Smirnov—Sobolev
functional-invariant solution [5, pp. 196-214]

du
—* =Re Uy(zy),
ox

Here, U,(z;) and V,(z;) are analytical functions of complex vari-

ables
1-\1-p* b-\b*-p* ,
gp=——¢€'", gpp=—T—""-¢

P P

J
Zh_ReVi(z), k=1, 3)
ax

4)

where p=r/at, b=b/a, and r, 8 are the polar coordinates, and a
and b are the velocities of longitudinal and transverse waves, re-
spectively.

From Eq. (3), we have

uk=Ref U(z)dx, vk=Ref Vi(zp)dx, k=12 (5)
Since rot V;=0 and div V,=0, we have

1 1
i(z1 - —>U;(Zl) = (zl + —)V{(zl) and
2] 21
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Fig. 1 Existence of star-shaped cracks experimentally verified
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The solution of the problem in the polar coordinate 6 will be
periodic with period 27/n, and the main domain will have the
form depicted in Fig. 2, where OC and OC’ are borders of neigh-
boring cracks, and AA|A’ and BB,B’ are the longitudinal and
transverse wavefronts, respectively. Initial comprehensive stress
state oy holds ahead of the forefront AA’. The following boundary
conditions hold

ogy=0,y=0 on OC and OC’

o,9=ug=0 on CA and C'A’ (7)

on AA’

As can be seen from Eq. (7), the motion is symmetric in the
main domain as well, and therefore, it suffices to investigate it in
the domain AOA;, where the condition o,4=14=0 holds on the
symmetry line OB A;.

The choice of coordinate systems is shown in Fig. 2. The sym-
metry line OA; in this plane will have polar coordinates (r, ),
where a=/n.

Using formulas (3), (4), and (6), as well as the formulas con-
necting Cartesian components of tensors of stresses and velocity
vectors with their polar components, and following Refs. [3,4], we
can express boundary condition (7) by the boundary values of
analytical functions as

Tr9 I—Z% :
=-2Re -1- 3 cos O sin 6
M 1+Z1

0,=0yp=0y

)
i(z;=1) ,
- 21— - oS 20} Ui(zy)dz,
i+1
)
-1
—Ref {{2 sin 26} + cos 20[1(222—)
+1

Fig. 2 Choice of coordinate system
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where w is a Lame constant.

In Sec. 3, by using the representations derived here, we develop
a method to arrive at the solution for functions V| and V,, and
consequently derive the solution for oy and determine the stress
intensity coefficient.

]lﬁ(ZOle

2b cos 0
i(z3-1)

Zz:| Ué(zz)dzz (10)

3 Development of the Solution

Note that the conditions on the boundary of segment 6=« en-
able us to separate the values of the functions Uj and U} on this
boundary. Specifically, from the conditions

Orola= Orolomat Trgloca=0 and ity pey=1tiglgeg+ gl pee =0
(11)

we get that

(12)

Thus, the values of the different function arguments remain
bounded only on the boundary of the segment for #=0, where,
taking into account Egs. (8) and (10), condition (7) takes the form

o 1 1{-1)\°
~-Re —=2 —?(;_) Ui(z))dz; —2 Re Uy(z,)
Iz b* P+l

ip=0 and 4p=0 on f=a

=0 for 0=r=ct, 6=0
2 .o 2

o, i(zy -1 i(z5—-1
—9=2Rej (zl )Ui(zl)dzl+2Ref [%
M Zl+1 Zz+1

2

5+ 1

- ]Uﬁ(Zz)d@:o for 0=<r=at, =0

i(z3-1)

(13)
tig 2i(z1 - Dz, f 2z,
—=-Re| ———Uj(z,)dz; +Re U5(z,)dz
P (Z%_'_l)z 121)dz, i(z%—l) 2\22)dzy

=0 for ct=r=at, 6=0

Let us apply the conformal mapping methods using the func-

tions
b-\p*-8
and z,=——"+
& &

to map the upper parts of domains G; and G, in Fig. 3 onto
domains Q; and , in the upper half-planes Im & >0, Im &,

1-\1-&
=0

(14)
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Fig. 3 Two domains in z, , planes

>0 (Fig. 4). With such a choice of function (14), the values of
different coordinates &; and ¢, coincide on the line OK (Fig. 4). In
other words, domains €}; and ), have a common boundary OK
that also corresponds to the boundary on the X axis in Fig. 2, that
is

51(21) 52(22)— (0=0, Im §1=Im §2=0) (15)

NI><

Furthermore, under these mappings, the interval [0,1] for 6=0

on both G; and G, maps onto the intervals [0,1] and [0,b] of the
real axis of the plane & =§,=§, respectively. In this plane, the
second condition of formula (13) takes the form

am=2RéfV§—1UK9d§

f N &-p b
+Re — -
b \/ §2 _ 1;2
It is a well-known fact that longitudinal and transverse parts of
stresses near the end of the crack both have the singularity of
order 1/2 (e.g., see Ref. [6]). In this case, the lemma of Muskhe-
lishvili [7] implies that either (1) the integrand in Eq. (16) should
be discontinuous at the point é=¢ or (2) the whole integrand
should be identically zero. Since the coefficients for V{(£) and
V3(é) are regular functions, the integrand in Eq. (16) should be

continuous at the point £=c, implying that the whole integrand is
zero for 0=r=uat, 6=0, that is

Uy(9dé=0  (16)

Im§& ,Im¢,
3

@)

PRe &

coso

Fig. 4 Two domains in &, , planes coincide on real axis
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§2

2\§2—1U(§)+—U2(§) 0 (17
bNE-b*
Using Eq. (6), we can transform formula (17) to the form
2-2b
vio="Lvye (18)

Thus, the main difficulty related to the availability of different
argument functions is resolved.

Condition (18) enables us to separate different values of func-
tions on a common boundary, and hence, to find the functions
V(&€ and V;(&) separately. Namely, by virtue of Eq. (18), the first
and the third conditions in Eq. (13) on the plane £ take the form

f (&-
for Im é=0,

2 Hj2
Rif{£§—§£l+1]vgad§=o
2b?

for Im £=0,

262 +4PE -1
2b\§2— 1

INE-b

4Vé(§)d§=0

0=Reé<c

T<Reé< (19)

cos «
By means of the mappings inverse to Eq. (14), we can rewrite
condition (19) in the argument z, on plane G,. These conditions,
together with the remaining conditions on the parts of the bound-
ary |z5|=1 and on the line arg z,=a, form a complete system for
defining the unknown function V5(z;). In particular, conformally
mapping domain G, onto the half-plane Re w, >0, we can reduce
the problem to the known Riemann—Hilbert boundary value prob-
lem with discontinuous coefficient functions. Discontinuities hold
at the origin of coordinates and at the end of the crack.
We provide the solution for this boundary value problem with-
out details. On the line Im w,=0, we have

Im Vy(@,) =0, 0<w,<wy;
Re Vi(0,) =0, w,<—-b, > wy; (20)
2 !
w,) Vi (w —
Bleie) (5o
[1+25(w,)]
where
2bc"
@2 = 1+
b-\b*-2
Co=
c
_ <
==
a
Introducing a new function
2 ’
2 (@) Vs(w,)
() ="—""F—"=
T ()P
we can reduce problem (20) to the form
Im Qy(w,) =0 for Imw,=0; 0<Rew,<w,
(21)
Re Qy(w,) =0 for Im w,=0; Re w,<0; Re w,> w,,

that has an obvious solution for the considered case (see Ref. [7])
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Dy(w)) = i(A + Bwy) 0§ *(w; — w,,) >

Here, k is an odd number chosen from the obvious convergence
conditions at the end points w,=0 and w,=%; A and B are real
numbers to be determined.

Simple calculations show that

w,) B {O(wg/") for w, — 0

1+25(wy)  (O(1) @2

for wy, —

from where we can define the number k as a solution of the fol-
lowing inequalities:

k 3
<—+1)—— n=0=k=1
2 2

kn 2
—=2>-1=k>-
2 n

(23)

The only possible solution for these inequalities is if =3 and k
=1, which implies the following fundamental conclusion: Under
the comprehensive stretching, there has to be at least three cracks;
in particular, emergence of a single crack is deemed impossible.

As can be seen, the solution Vé(wz) is determined to within a
multiplier in the form of a polynomial (A+Bw,), where real co-
efficients A and B can be determined from the conditions on the
forefront. Thus, the desired solution is

2
Vi(w,) = (A + sz)iwﬂwé/z(wz - Wy,
Zz((l)z)

The other unknown function V{(z;), may be determined on the
basis of relation (18) that enables us to define boundary values of
this analytical function on the edge [0,1] in Fig. 3. This condition,
together with the other boundary conditions on the remaining part
of the domain Gy, completely define the function Vi{(z;) that de-
pends on constants A and B.

Without going into too much detail, we provide the solution
here. The function V{(§)) is a solution of the following boundary

24

) .
value problem on the plane w;, z;=1-V1- w%/ w, with boundary
conditions on Im w;=0 line as

Vilw) =flw;), @ >0
<1 <1 ’
m . Vilw)=0, -1<w;<0
2+1 iZ-1n " !
Re V{((D])=O, (O] <-1

where f(w,) is a known function, defined from Eq. (18). Solving
this problem for Vj, we get

@G+ izG-1 o

Vilo) === T e g0 (29)

where
1 —~
Ow) =+ f Imf@)
ar 0 r— wq

with

Z __ 21 (0= @)

f(wl)—(z%+1) : i(Z%—l) : ol floy)

Observe that solutions (24) and (25) both contain unknown co-
efficients A and B that may be determined from the conditions on
the fore front o,=0 and o,=0 on |z;|=1.

Calculating the corresponding integrals, we get
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2b'oy _2b°  [A+B@y(b)Nwyb) . f b 1
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where we denote

5(8) = (€ =25 + 4PNE - pNE 1

519 =[(1-2)(8 1) + 18 ~25") ~4bNE - P& -1
(28)

_<E-\/52-§2>"
2b T
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£

Note that conditions (26) and (27) comprise a system of two
linear equations in two unknowns A and B that can easily be
solved to determine coefficients A and B, and hence, to arrive at
the complete solution for V| and V5.

In particular, from these solutions using Eq. (9), one can get the
solution for oy, which in turn is used for determining an important
stress field near the ends of the cracks—stress intensity coeffi-
cient, which after some algebra is found as

. I
K;= lim (og- \V2s)
s—0*

s=x—ct

2\2muar(? - 2672 = 45 VB? - V1 = PA + B(w(@)]

V(1 -2 w)(0)

(29)

Hence, we derived a very important characteristic of fracture—
stress intensity coefficient near the end of the crack. The exact
derivation of this coefficient is a fundamental breakthrough for
this problem as it enables answering an important question of
fracture mechanics—what will happen to the crack under given
stress conditions. The answer to this question does not follow
from the equations of continuum mechanics. Instead, the answer
lies in formulating criteria for fracture, which is only made pos-
sible by expression (29).

4 Conclusion

In this work, the occurrence of star-shaped cracks at thin plates
under comprehensive (uniform) stretching was experimentally
confirmed, and the exact closed-form analytic solution to this
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problem was obtained. The numerous performed experiments
cover different types of fracture, e.g., brittle, elastoplastic, etc.
(Fig. 1), and all confirm our analytically proven fundamental con-
clusion: The number of cracks in thin plates under comprehensive
stretching has to be at least three.
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